The phenomenon of injection into a parallel slot under laminar flow condition is investigated analytically and numerically in this study. A comprehensive mathematical model capable of simulating the injection phenomenon from the initial stage until late stage is developed. It is shown that a tank model is necessary in order to reproduce the initial stage characteristic of the penetration in the slot. Numerical model with higher scheme is used to validate the mathematical model. The model is extended to model an experiment setup where injection in a cylindrical pipe under constant pressure was carried out. It is shown that the mathematical model is capable of reproducing the flow characteristics and thus justifies the need to include a tank model to comprehensively model the injection or grouting phenomenon.
INTRODUCTION
The penetration of fluid in a narrow pipe or slot due to the supply of pressure at the inlet is an important phenomenon in grouting or injection process. In underground pipe system, this phenomenon can be observed after heavy rainfall where water column in manhole acts as injection pressure to the fluid in underground pipes.
Gustafson and Stille 1) used a simple injection model based on the flow in a parallel slot to study the penetration of grouts in underground aperture networks. However the model fails when time approaches the limit of zero. Zhou and Hicks 2) used a single mathematical model which includes a water column connected to a pipe in their study of the oscillation of pressure in rapidly filled pipe network. Although the model overcomes the weakness in Gustafson and Stille's model, it does not include detail modeling of the condition at the vicinity of the inlet which is critical in grouting process. Kishida et. al. 3) later developed a mathematical model which consists of a simple tank model connected to a parallel slot to investigate the grouting behavior of Bingham fluid where sudden increase of pressure at the inlet during grouting was observed. In this study, we proposed a more advanced mathematical model for the injection of fluid into a slot under constant pressure. The model consists of an improved tank model, a parallel slot model for laminar flow and an intermediate model to model the behavior of pressure at the vicinity of the inlet. The solution of the mathematical model is verified with a numerical model. The model is later applied to an experiment setup for validation.
MATHEMATICAL MODEL
The mathematical model is divided into three parts, namely: the tank, parallel slot and intermediate model.
(1) Tank model
The tank model with constant supply of fluid under constant pressure  p at both sides is shown in Fig. 1 . The tank is connected to a parallel slot through an aperture at point O. The solution for the potential flow of a sink point is given by the following complex potential function 4) : This solution is an improvement to the linear velocity assumption in the tank model by Kishida, et. al 3) . Based on potential flow theory, the velocity in x and y directions can be expressed as: Fig. 1 can be evaluated as follows:
The velocity along the vertical axis V namely at position 0  x can be evaluted by using Eq.(2a) as,
The equation of motion along the vertical axis is,
We assume that the diffusive term is negligible in the tank model. By integrating Eq.(6) from   y to a y  with boundary condition of 0  V at a y  , we obtain the equation to model the inflow in the tank part as in Eq.(7).
Here, we assume that if the tank is large, and the pressure at point A will be almost the same as the pressure at both ends of the tank,
(2) Slot model The slot model is based on the coordinate setting shown in Fig. 2(a) . For simplicity, the following assumptions are made : smooth inflow from the tank and the flow profile at the penetration front is almost vertical. With u as the velocity in x direction,  as the momentum coefficient and the equation motion in x direction therefore reads, 
where dx dp R U Fig. 2(b) . The pressure and velocity is at point 0 are 0 p and U respectively and they are assumed to be uniform across the aperture. We relate point B and point 0 through the conservation of energy,
By continuity of flow around the inlet, the relation between  v and U is establised, (14) and (16) (7)) and the pipe model (Eq.(13)) are combined into a single model which reads, 
Eq.(24) can be easily solved as
NUMERICAL SIMULATION (1) Numerical model
A two-dimensional model based on the VOF (volume of fluid) method 5) with staggered mesh system is used to simulate the injection of fluid into a slot through single aperture in tank subjected to constant pressure on both ends as shown in Fig. 1 . The governing equations used in the model are the Navier Stokes equations which read: Based on the finite-volume method, we solved the advection term in the Navier-Stokes by using the CIP-CSL3 scheme by Yabe et. al. 6) . Pressure is solved by iteration based on the HSMAC method 7) , until the zero divergence criteria of velocity field 0    U is fulfilled. We used THINC (tangent of hyperbola for interface capturing) 8) scheme to solve the advection of F . (2) Simulation Conditions Numerical simulations are carried out for several cases shown in Table 1 . For all the simulation cases, the following conditions are used: pressure at both end set at Pa 0 . 1000   p ,time step sets at t=5.0 x 10 -7 s , grid size x=2mm, y=1mm, diameter of slot d=10mm, height of tank h=200mm. The outlet of the pipe is set to be zero atmosphere pressure.
EXPERIMENT SETUP
The setup of the experiment shown in Fig. 3 is used to study the phenomenon of injection of fluid (water is used) into a cylindrical pipe through a supply tank under constant pressure head. The mathematical model in Eq. (17) is modified for such setup.
(1) Formulation of mathematical model
The momentum equation for the tank part in polar cylindrical coordinate system is formulated by placing the ordinate at the entrance of the pipe (point 0) as shown in Fig. 3 . Assuming the flow is only in radial direction, the equation of motion can be written as in Eq.(27) where the viscous term is neglected. 
where r u is the radial velocity and its magnitude can be related to radius r as follows, 
The mathematical model for the flow in cylindrical pipe can be expressed as,
where f is the Darcy-Weisbach pipe friction coefficient. Analogous to the previous model, the relation between
and U is established based on continuity of flow: 17)) shows that there is a sudden increase of pressure and velocity at the initial stage which was observed by Kishida et. al 3) . However the numerical model here did not show such phenomenon which opens a room for further investigation in the near future. The results of the mathematical model for the experiment setup (Eq.(33)) are shown in Fig. 9 and 10. As can be seen in Fig. 9 , the solution of late stage (Eq.(36)) shows close agreement with the experiment result. However, this solution performed poorly at the initial stage. Therefore, this justify the need to treat the characteristic of the flow at the initial stage with care. Thus the inertia term should be included as t . This characteristic agrees with the solution in Eq.(37).
CONCLUSION
In this study, a mathematical model was developed for the injection of fluid into a parallel slot through a supply tank under constant pressure. It was shown that the tank model has to be included to model the phenomenon of injection comprehensively, e.g. from the initial stage to late stage of the flow. The mathematical model was satisfactorily verified by a numerical model with higher order scheme. Finally, the mathematical model is extended to the problem of flow in a cylindrical pipe connected to a supply tank under constant pressure head where a series of laboratory experiments was carried out. The mathematical model was satisfactorily verified with the experiment data thus further justify the need of a tank modeling in injection or grouting problem.
